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Abstract
We explore the diversity of warped metric function in ve dimensional
gravity including a scalar eld and a 3-brane. We point out that the form of
the function is determined by a parameter introduced here. For a particular
value of the parameter, the warped metric function is smooth without having
a singularity, and we show that the bulk cosmological constant have a upper
bound and must be positive and that the lower bound of ve dimensional





Randall and Sundrum proposed the setup of 3-branes embedded in the ve dimen-
sional theory with warped metric and discussed an alternative explanation of the
hierarchy problem in the form of a ne-tuning between the negative bulk cosmo-
logical constant and brane tension [1, 2]. The warped metric function in the model
is an exponential scaling of the metric along the fth dimension compactied on
S1/Z2 orbifold. Originally, the introduction of warped metric have been made by
Rabakov and Shaposhnikov who discussed the cosmological constant problem in six
dimensional theory with warped metric containing a singularity [3]. Recently, the ex-
tensions of the Randall-Sundrum scenario are widely made [12, 13, 14], in particular,
several brane world scenarios with bulk scalar eld are investigated [4, 5, 12, 6, 7, 9].
Moreover, it is expected that this setup may connect with the AdS/CFT correspon-
dence or string theory [4, 5, 8, 10, 11].
In this paper, we consider an alternative extension of warped metric function
in the framework of ve dimensional gravity with a scalar eld φ. We show that
the form of the warped metric is controlled by a parameter introduced here and
investigate the behavior of the metric for the general value as well as particular
value of the parameter.
This paper is organized as follows. In section 2, we describe the setup and derive
the warped metric function and the jump conditions due to the existence of a brane.
Moreover, we compute the four dimensional eective Planck scale by integrating out
a fth dimension. In section 3, a conclusion is described.
2 The Setup















p−g f −f(φ) g , (1)
where R and  is the curvature and the cosmological constant in the bulk, respec-
tively. Here 1/κ25 = M
3
 where M is the fundamental scale of ve dimensional
theory, and G is the ve dimensional metric and g is the induced four dimensional
metric on the brane which is located at y = 0, where y is the coordinate of fth
dimension. In Eq.(1), the second term denotes the brane tension with dependence
of a scalar eld. We take the following metric
ds2 = e2A(y)gµνdx
µdxν + e2B(y)dy2
 GMNdxMdxN , (2)
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where M, N = 0,    , 3, 5 and gµν = diag(−, +, +, +). We shall use the notation
fxµg with µ = 0,    , 3 for the coordinates on the four dimensional spacetime, and
x5 = y for the fth coordinate on an extra dimension.



















While, the equation of motion with respect to a scalar eld φ with y-dependence is
given by
∂M
(p−GGMN∂Nφ) = p−g ∂f
∂φ
δ(y) . (4)
With the metric ansatz, these equations can be written as























4A0φ0 − B0φ0 + φ00 = eB ∂f
∂φ
δ(y) , (7)
where the prime represents the derivative with respect to the y.
We take the simple ansatz:
B = αA , (8)
where α is a parameter at this stage. Below, we solve the equation of motion in
the bulk and study the warped metric function for arbitrary α. Integrating out the
equation in the bulk of Eq.(7), we have
φ0 = c e(α−4)A . (9)
Hence c is the integration constant and it has mass dimension [5/2]. Substituting










where  = , and the selection of the sign  determines the branch of the square
root. Note that this solution make sense when the argument of the square root in
Eq.(10) is positive.
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κ5 jcj (4− α) (y + d) , (11)
where d is the integration constant and eA(0) can be normalized to be unity. Note
that the above equation is solution to be consistent with Eqs.(5), consequently. In
the case of α = 4, 12, we cannot use the integral representation of hypergeometric
function due to vanishing of second or third argument. Later, we describe the
case of α = 4. For 4 < α < 12, since the second argument in the hypergeomeric
function is negative, it becomes positive by using the transformation formulas of the
function. In the case of α > 12, both the second and the third argument become
negative. The simplest warped metric of α = 0 have been already investigated in
Ref. [12, 13]. Note that the value of α determines the form of the metric function
A(y). Furthermore, the solution of Eq.(11) is well-dened on one side of y = −d
due to 2F1  0 ( depending on the sign of (4− α) ) [4, 5].
The existence of a brane at y = 0 leads to the jump conditions with respect to
the rst derivative of A and φ. From Eqs.(5) and (7), the jump conditions are




φ0(0+)− φ0(0−) = eαA(0) ∂f
∂φ
(φ(0)) . (12)
We denote the sign and the integration constants for the positive region (y > 0) by
+ , c+ , d+ and those for the negative region (y < 0) by − , c− , d−. Imposing the









































yThe integral representation of hypergeometric function is given by





dt tb−1(1− t)c−b−1(1 − zt)−a ,Re c > Re b > 0 .
The integral represents a one valued analytic function in the z-plane cut along the real axis from
1 to 1.
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Furthermore, if the fth dimension is assumed to have certain symmetry, the sign
 and the integration constants c, d are related each other.
If this setup arises from string theory, it is natural that a scalar eld φ in the bulk
is regarded as dilaton eld. Namely, in the framework of perturbative string theory,
f(φ) corresponds to the tree-level dilaton coupling with dependence of exponential
type (f(φ) / eaφ). Thus, the jump conditions of Eq.(13) gives the information on
the general form of dilation coupling [4]. As for this point, we discuss elsewhere.
For α = 4, we can directly solve the dierential equation in Eq.(10), the warped










where plus ( minus ) corresponds to the function for y > 0 ( y < 0 ) region.
Note that this warped metric function is smooth without having a singularity. The




κ5jcjd = 1− 2
c2
, (16)
therefore, the allowed range of the bulk cosmological constant is




where we assume  6= 0. From Eq.(12), the jump condition of A0 yields the relation






where f(φ(0)) = V .
It assumes that the fth dimension is noncompact. Integrating out y in the















































where we used 1/κ25 = M
3
 . From Eqs.(18) and (20), the integration constant can















Thus, the lower bound of the ve dimensional fundamental scale is controlled by
both the brane tension and four dimensional eective Planck scale. For instance, if
the value of brane tension V is TeV scale, we then obtain
M > 108 GeV . (23)
Consequently, the lower bound of M decreases as the value of the brane tension
decreases. Especially, in the case of vanishing brane tension ( V = 0 ), if we take
M  1 TeV, the inequality Eq.(21) becomes
 < ( 1 eV )5 , (24)
therefore, Eq.(18) leads that c2 < 2(eV)5.
As for the value of α = 12, solving Eq.(10), since the exact form of the warped
metric function is complicated, we are going to investigate it in next paper [15].
3 Conclusion
In conclusion, we explore the diversity of the ve dimensional warped geometry,
where the warped metric function with y-dependence of four dimensional spacetime
metric part and the one of fth dimension metric part are tied through a parameter
α. For arbitrary α, the form of the warped metric function is implicitly described
in terms of y by using a hypergeometric function. Taking a specic value of α = 4,
the warped metric function without having a singularity can be explicitly obtained,
and we pointed out that the resulting four dimensional eective Planck scale is nite
and that the lower bound of ve dimensional fundamental scale is determined by the
brane tension. Furthermore, there exist the allowed bound on the bulk cosmological
constant. Although we concretely investigate a case of α = 4 as mentioned above,
it is necessary to explore the behavior of the warped metric function for various α
[15]. While, we are going to study the cosmology in this setup and to explore the
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